ABSTRACT. This is the second in a pair of papers developing a framework to apply logarithmic methods in the study of singular curves of genus 1. This volume focuses on logarithmic GromovWitten theory and tropical geometry. We construct a logarithmically nonsingular moduli space of genus 1 curves mapping to any toric variety. The space is a birational modification of the principal component of the Abramovich-Chen-Gross-Siebert space of logarithmic stable maps and produces an enumerative genus 1 curve counting theory. We describe the non-archimedean analytic skeleton of this moduli space and, as a consequence, obtain a full resolution to the tropical realizability problem in genus 1.
INTRODUCTION
This paper is the second in a pair, exploring the interplay between tropical geometry, logarithmic moduli theory, stable maps, and moduli spaces of genus 1 curves. In the first volume, we used this interplay to construct new nonsingular moduli spaces compactifying the space of elliptic curves in projective space via radially aligned stable maps and quasimaps. In this paper, we focus on applications to logarithmic Gromov-Witten theory and tropical geometry.
I. Realizability of tropical curves.
We give a complete characterization of genus 1 tropical maps that can be realized as tropicalizations of genus 1 curves mapping to tori, completing a study initiated in Speyer's thesis. We show that a combinatorial condition identified by Baker-PayneRabinoff is always sufficient. Our proof is independent of these previous results, and is based on the geometry of logarithmic maps.
II. Logarithmic stable maps.
We construct a toroidal moduli space parametrizing maps from pointed genus 1 curves to any toric variety with prescribed contact orders along the toric boundary. This is a desingularization of the principal component of the space of logarithmic stable maps. The boundary complex of this compactification is identified as a space of realizable tropical maps.
Superabundant tropical geometries.
The realization problem is the crux of the relationship between tropical geometry to algebraic geometry, and is unavoidable in enumerative applications. When ⊏ has genus 0, there are no obstructions to lifting and all such tropical curves are realizable, as is reflected by the logarithmic smoothness of the moduli space of genus 0 logarithmic maps [34, 36, 46] . In genus 1, obstructions already appear for maps ⊏ → R. The obstructions appear when the circuit of ⊏ is contained in a proper affine subspace of R r . Speyer discovered a sufficient condition for realizability in 2005 [41, 42] . A weaker necessary condition was identified in [9, Section 6] . We provide a characterization of the realizable tropical curves in genus 1 in Theorem A in terms of the geometry of the skeleton of an analytic space of maps.
Let Γ be a marked tropical curve of genus 1 with a unique vertex and n half-edges. Fix a balanced map Γ → R r . Let M Γ (G r m ) be the moduli space of maps ϕ : C → G r m , where C is a non-compact smooth algebraic curve of genus 1 with n punctures, and the vanishing orders at infinity of these punctures are specified by the slopes along the edges of Γ in R r . Let W Γ (R r ) be the corresponding set of tropical maps ⊏ → R r whose recession fan is given by Γ → R r , and satisfy the well-spacedness condition, as defined in Section 4. 2 This set can be given the structure of a generalized cone complex.
Given a map ϕ : C → G r m over a valued field, one obtains a balanced piecewise linear map from a Berkovich skeleton ⊏ of the punctured general fiber curve C η to R r , i.e., to the skeleton of the torus [37] . This piecewise linear map is the tropicalization of ϕ and is denoted ϕ trop .
Theorem A. There exists a continuous and proper tropicalization map
sending a map [ϕ] over a valued field to its tropicalization. There is generalized cone complex P Γ (R r ) and a finite morphism
which is an isomorphism upon restriction to each cone of the source. The degree of this finite morphism is explicitly computable and the complex P Γ (R r ) is a skeleton of the analytic moduli space M an Γ (G r m ).
The statement that the tropicalization has a finite cover that is a skeleton is a toroidal version of the schön condition, frequently cited in tropical geometry. The skeleton P Γ (R r ) functions as a parametrizing complex for the tropicalization, as in work of Helm and Katz [24, 43] . 1 The first author continues his efforts to popularize Dan Abramovich's convention that algebraic curves be denoted by C, C , while tropical curves be denoted ⊏, approximating their appearance in nature. 2 We caution the reader that the meaning attributed by Speyer to well-spacedness is stronger than the one we use here; see Warning 4.4.5.
Logarithmic stable maps.
Our tropical investigation leads naturally to an understanding of the geometry of space of logarithmic stable maps to toric varieties in genus 1. The open moduli problem we consider is that of maps (C, p 1 , . . . , p m ) → Z, where C is a smooth pointed curve of genus 1, the target Z is a toric variety, and the contact orders of the points p i with the boundary divisors on Z is fixed. There is a natural modular compactification of this space via the theory of logarithmic stable maps, due to Abramovich-Chen and Gross-Siebert [2, 16, 21] . When the genus of the source curve is 0, the resulting moduli space is logarithmically smooth, but in genus 1 can be highly singular and non-equidimensional. We use the insights of Theorem A to construct a logarithmically smooth modular compactification, in parallel with the desingularization of the ordinary stable maps space due to Vakil and Zinger [39, 49] .
Let Z be a proper complex toric variety and L Γ (Z) the moduli space of genus 1 logarithmic stable maps to Z with discrete data Γ, i.e., Γ records the genus and the contact orders of the marked points with the toric boundary of Z. Let L • Γ (Z) be the locus of parametrizing maps from smooth domains, and let L • Γ (Z) be the closure.
Theorem B. Consider the following data as a moduli problem on logarithmic schemes:
(1) a family of n-marked, radially aligned logarithmic curves C → S, (2) a logarithmic stable map f : C → Z with contact order Γ, such that the map f is well-spaced (see Definition 3.4 
.2). This moduli problem is represented by a proper and logarithmically smooth stack with logarithmic structure W Γ (Z) and the natural morphism
W Γ (Z) → L • Γ (
Z) is proper and birational.
The well-spacedness property above is efficiently stated in tropical language, and this is done later in the paper. At a first approximation it may be thought of as forcing a factorization property after composing C → Z with any rational map Z P 1 induced by a character. These logarithmic maps are precisely the ones that have well-spaced tropicalizations. A prototype for practical calculations on this space may be found in [29] .
1.3. Motivation for the construction. The combinatorics of logarithmic stable maps are essentially part of tropical geometry. Indeed, if the variety Z is a toric variety, taken with its toric boundary, the analytification of the moduli space of logarithmic maps maps continuously to a polyhedral complex parametrizing tropical curves [37] . The connection is especially transparent in genus 0, see [36] . In genus 1, the tropical realizability problem can be used to predict the desingularization above, as we now explain. The moduli space L Γ (Z) of genus 1 logarithmic stable maps is highly singular, however, it maps naturally to a logarithmically smooth Artin stack. More precisely, if A Z = [Z/T ] is the Artin fan of Z obtained by performing a stack quotient on Z by its dense torus, there is a natural map
where the latter is the space of prestable logarithmic maps to the Artin fan. This space is a logarithmically smooth Artin stack [7] . Moreover, the toroidal skeleton of this space is naturally identified with the moduli space of all (not necessarily realizable) tropical maps from genus 1 curves to the fan of Z, see [37] . The locus of realizable curves is a sublocus in the moduli space. After subdividing this cone complex, this sublocus is supported on a subcomplex. This subdivision induces a birational modification of L Γ (A Z ), and thus a modification of L Γ (Z). This modification can naturally be identified with the moduli of well-spaced logarithmic maps W Γ (Z) defined above.
The radial alignments developed in [39] and recalled in Section 2.8 give rise to the modular interpretation.
The construction of W Γ (Z) is not a formal lifting of our previous results on ordinary stable maps to the logarithmic category [39] . Given an absolute genus 1 stable map [C → P r ], if no genus 1 subcurve is contracted, then [C → P r ] is a smooth point of the moduli space. However, for a toric variety Z and a genus 1 logarithmic map [C → Z], the deformations of the map can be obstructed even if no component of C is contracted. This behaviour is akin to the genus 1 absolute stable maps theory for semipositive targets. While the tangent bundle of P r is ample, the logarithmic tangent bundle of a toric variety is trivial. This allows for a larger space of obstructions to deforming genus 1 logarithmic maps than in the absolute theory. We overcome this by identifying and forcing the stronger factorization property above. In future work, we systematize this approach to study moduli of genus 1 maps to homogeneous targets.
1.4.
Context from tropical enumerative geometry. The realizability problem for tropical curves is a combinatorial shadow of the problem of characterizing the closure of the main component in the space of logarithmic maps. The difficulty of the problem has limited tropical enumerative techniques primarily to two situations -when the target has dimension 1 or 2, or when the source curve has genus 0. When the target is P 1 , the geometry of admissible covers allows one to recover double Hurwitz theory in a purely tropical fashion [13, 14] . When the target is a toric surface, general position arguments can be used to show that obstructed tropical curves do not meet point conditions [31] . In genus 0, the vanishing of obstructions has led to correspondence principles for the full stationary descendant theory of toric varieties [11, 15, 19, 20, 30, 34, 36] .
In the higher genus, higher dimensional situation, there are two distinct directions in which one may generalize. The first is to develop a systematic method to decompose logarithmic GromovWitten invariants, as a sum of virtual invariants over tropical curves. Progress towards this goal has been made by Abramovich-Chen-Gross-Siebert [3] and has been achieved in the setting of exploded manifolds [35] . The second is to try to analyze the tropical lifting problem and as a result, produce a truly enumerative higher genus theory. The realizability theorem in genus 1 allows us to decompose the genus 1 enumerative invariants of any toric variety over tropical curves. This tropical decomposition will appear in a separate paper.
There have been a number of interesting partial results on tropical realizability in the last decade, thanks to the efforts of many [9, 17, 26, 28, 31, 33, 34, 37, 38, 42] . The genus 1 story alone has seen heavy interest. Speyer identified the sufficiency of a strong form of well-spacedness condition for superabundant genus 1 tropical curves using Tate's uniformization theory. Using the group law on the analytification of an elliptic curve, Baker-Payne-Rabinoff show that a weaker condition was necessary. Katz also recovered the necessity of Speyer's condition in the trivalent case in [28] . The existence of genus 1 tropical curves which failed Speyer's condition but were nonetheless realizable was established recently [37] .
In higher genus, very few results are known. That non-superabundant higher genus tropical curves are realizable was established by Cheung-Fantini-Park-Ulirsch [17] , and the Artin fan techniques introduced in [38] were used to show that limits of realizable curves are realizable [37] . Katz showed that the logarithmic tangent/obstruction complex for degenerate maps gives rise to a number of necessary combinatorial conditions for realizability in higher genus, including a version of well-spacedness [28] . These methods do not prove sufficiency in any cases. A sufficient condition for realizability for some superabundant chain of cycles geometries has recently been shown to hold and used to establish new results in Brill-Noether theory [26] .
1.5. User's guide. We have written this paper so it may be read independently from the prequel, in which the space of ordinary stable maps to P r was considered. In Section 2.8 we recall the preliminary results on radial alignments and their contractions from [39] . The moduli of well-spaced logarithmic maps is constructed in Section 3.4 and the logarithmic unobstructedness appears as Theorem 3.5.1. The tropical well-spacedness condition is discussed and defined precisely in Section 4.4. Finally, tropical realizability results are restated in Theorem 4.4.7, and the proof appears in Section 4.6.
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PRELIMINARIES
In this section, we recall some preliminaries on singularities of genus 1 and on logarithmic and tropical geometry. There is some overlap between this section and the preliminary material appearing in the prequel to this article [39] , but we opt to include it for a more self-contained presentation.
2.1. Genus 1 singularities. Let C be a reduced curve over an algebraically closed field k. For an isolated curve singularity (C, p) with normalization π : ( C, p 1 , . . . , p m ) → (C, p), recall that m, the cardinality of π −1 p, is called the number of branches of the singularity. The δ-invariant is defined as
Based on these two invariants, one defines the genus of (C, p) as
We will frequently make use of the seminormalization of (C, p) in our arguments. The seminormalization is a partial resolution of (C, p) to a singularity of genus 0 that is homeomorphic to (C, p). Explicitly, equip the underlying topological space of (C, p) with the subring A of regular functions on the normalization C that are well-defined on the underlying topological space of C.
In particular, there are g additional conditions required for a function in A to descend to (C, p), i.e.,
Let E be a proper Gorenstein curve of genus 1, smooth away from a unique genus 1 singularity. Let ν : F → E be the seminormalization and let µ : G → F be the normalization. We have inclusions:
Here K is the sheaf of meromorphic functions on E and J is the sheaf of meromorphic differentials. For each X = E, F, G, the pairs ω X and O X are dual to other another with respect to the residue pairing K ⊗ J → k, in the sense that each is the annihilator of the other [8, Proposition 1.16 (ii)].
Consider the exact sequence (1):
In the long exact cohomology sequence (2)
is an isomorphism because both E and F are proper, connected, and reduced; furthermore H 1 (F, O F ) = 0 since F has genus 0. By Serre duality,
may be identified with the residue pairing, sending f mod O E to res f α. This follows, for example, by the construction of the dualizing sheaf in [8, Remark 1.9 and Remark 1.12].
We know that ω F /µ ⋆ (ω G ) is spanned by the differentials
where the x i are local coordinates of the branches of E at the singular point. As ω E /ν ⋆ (ω F ) is 1-dimensional, ω E is generated relative to ν ⋆ (ω F ) by a differential of the following form:
In order for E to be Gorenstein, ω E must be a line bundle, so the generators (3) of ω F must be multiples of the generator (4). This immediately implies c ′ = 0 and that all of the c i are nonzero. Conversely, if c ′ = 0 and all of the c i are nonzero, then c j x i − c i x j ∈ O E and
implies that the generators (3) are multiples of (4). This proves the following proposition: By consideration of the residue condition imposed by the form (4), we can also obtain a local description of the Gorenstein, genus 1 curve singularities. A more conceptual proof of this result can be found in [40, Proposition A.3] . The genus of a tropical curve ⊏ is defined to be
where h 1 (G) is the first Betti number of the geometric realization of ⊏. An n-marked tropical curve is stable if (1) every genus 0 vertex has valence at least 3 and (2) every genus 1 vertex has valence at least 1.
More generally, one may permit the length function ℓ above to take values in an arbitrary toric monoic P . This presents us with a natural notion of a family of tropical curves. Definition 2.2.2. Let σ be a rational polyhedral cone with dual cone S σ . A family of n-marked prestable tropical curves over σ is a tropical curve whose length function takes values in S σ .
We note that given a tropical curve over σ, each point of σ determines a tropical curve in the usual sense. Indeed, choosing a point of σ is equivalent to choosing a monoid homomorphism
Applying this homomorphism to the edge length ℓ(e) ∈ S σ produces a real and positive length for each edge.
2.3.
Logarithmic & tropical curves. Let (S, M S ) be a logarithmic scheme. A family of logarithmically smooth curves over S is a logarithmically smooth, flat, and proper morphism
with connected and reduced fibers of dimension 1. We recall F. Kato's structure theorem for logarithmic curves [27] . The image of t ∈ M S in M S is referred to as the deformation parameter of the node.
Associated to a logarithmic curve C → S is a family of tropical curves.
Definition 2.3.2.
Let C → S be a family of logarithmically smooth curves and assume that the underlying scheme of S is the spectrum of an algebraically closed field. Then, the tropicalization C, denoted ⊏, is obtained as follows: (1) the underlying graph is the marked dual graph of C equipped with the standard genus and marking functions, and (2) given an edge e, the generalized length ℓ(e) = δ e ∈ M S is the deformation parameter of the corresponding node of C.
2.4.
Geometric interpretation of the sections of a logarithmic structure. Given a logarithmic curve C → S, it will be helpful to interpret sections of the sheaves M gp C , and M gp C geometrically.
The affine and projective lines.
Let (X, ε : M X → O X ) be a logarithmic scheme. A section of M X corresponds to a map X → A 1 , the target given its toric logarithmic structure. Let α be such a section and α be its image in M X . Then ε(α) is a unit if and only if α = 0.
With its logarithmic structure, P 1 can be constructed as the quotient of A 2 − {0} by G m . Therefore any map X → P 1 lifts locally to A 2 −{0} and can therefore be represented by a pair of sections (ξ, η) of M X . The ratio ξ −1 η, which is a section of M gp X , is invariant under the action of G m , since G m acts with the same weight on ξ and η.
Therefore a map X → P 1 gives a well-defined section α of M gp X . This section is not arbitrary, because the map (ξ, η) : X → A 2 from which α was derived could not meet the origin. This condition implies that, for each geometric point x of X, either ξ x = 0 or η x = 0. In terms of α, this means that α x ≥ 0 or α x ≤ 0. We term this property being locally comparable to 0. The sheaf M gp X locally admits a surjection from a constant sheaf, so the condition on α in the proposition is open on the base: if X is a family of logarithmic schemes over S and a section α of M gp X verifies α ≥ 0 or α ≤ 0 for all x in a geometric fiber X s of X over S then it also verifies that condition for all t in some open neighborhood of s.
This observation is particularly useful for studying infinitesimal deformations of logarithmic maps to P 1 , as it is equivalent to deform the section α of M 
Maps to toric varieties.
The observations above concerining logarithmic maps to P 1 may be extended to all toric varieties. Indeed, if Z = Spec k[S σ ] is an affine toric variety defined by a cone σ and character lattice N ∨ , then there is a canonical map 
Sections of the characteristic monoid. Since logarithmic maps
It is shown in [12, Remark 7.3] that, if C is a logarithmic curve over S, and the underlying scheme of S is the spectrum of an algebraically closed field, then sections of M C (which is to say, maps C → A ) may be interpreted as piecewise linear functions on the tropicalization of C that are valued in M S and are linear along the edges with integer slopes. 
of the sheaves associated to the logarithmic structure. Given a section α ∈ Γ(X, M gp X ), the image of α under the coboundary map 2.6. Tropicalization of morphisms to toric varieties. Let Z be a toric variety with dense torus T , equipped with its standard logarithmic structure, and let N and N ∨ be the cocharacter and character lattices of Z.
Let C be a logarithmic curve over S, and assume that the underlying scheme of S is the spectrum of an algebraically closed field. A logarithmic map ϕ : C → Z induces a map
by the discussion in Section 2.4.2.
As remarked in Section 2. 
Minimal logarithmic structures.
A crucial concept in the theory of logarithmic moduli problems is that of minimality. Let LogSch denote the category of fine and saturated logarithmic schemes. Given a moduli stack M over LogSch and a logarithmic scheme S, the fiber M(S) of the fibered category M over S is the groupoid logarithmic geometric objects [X → S] defined over S, as specified by the moduli problem.
Logarithmic geometric objects are algebraic schemes or stacks with the additional structure of a sheaf of monoids. The description of M as a category fibered in groupoids over LogSch does not furnish such an object: if S is a scheme without a chosen logarithmic structure, it does not make mathematical sense to consider the fiber of M over S. Said differently, there is no "underlying scheme, or underlying stack, or underlying category fibered in groupoids over schemes" of M.
The difficulty that must be overcome is that given an ordinary scheme S, there are many choices for logarithmic schemes (S, M S ) enhancing S, and it is unclear which one to pick. The notion of minimality, introduced by F. Kato and recently clarified and expanded [2, 16, 18, 21, 50, 51] identifies the correct logarithmic structures to allow on S as those satisfying a universal property, recalled below.
Assuming that M does have an underlying scheme, we arrive at a necessary condition for M to be representable by a logarithmic scheme. Suppose that S → M is a morphism of logarithmic schemes then the logarithmic structure of M pulls back to a logarithmic structure M on the underlying scheme S of S. Moreover there is a factorization
that is final among all such factorizations. This finality condition can be phrased entirely in terms of the moduli problem defining M, and Gillam shows that if minimal factorizations exist for all S → M, and are preserved by base change, then M comes from a logarithmic structure on a moduli problem over schemes [18, 50] .
Theorem 2.7.1.1 (Gillam) . When M is a category fibered in groupoids over logarithmic schemes that comes from a logarithmic structure on a category fibered in groupoids N over schemes, N can be recovered from M as the subcategory of minimal objects.
Throughout this paper, we present logarithmic moduli problems and indicate monoidal and tropical (see Section 2.7.2) characterizations of their minimal objects to recover the underlying schematic moduli problems.
Minimality as tropical representability.
We explain the concept in the case of stable maps for concreteness, where it becomes a tropical concept. This expands on [21, Remark 1.21]. Let M g,n (Z) denote stack over LogSch parametrizing logarithmic maps from genus g, n-pointed curves to a toroidal scheme Z. Let Σ be the fan of Z.
Let S be a standard logarithmic point Spec(N → C) and let [C → Z] be a logarithmic map over S. As explained in Section 2.6, the morphisms on sheaves of monoids may be dualized to produce a tropical map
Replacing N with an arbitrary toric monoid, one obtains a family of tropical maps.
From our discussion of minimality, we see that given a logarithmic stable map over Spec(P → C), the monoid be cannot be arbitrary, since by pulling back via a morphism P → R ≥0 , we must obtain a tropical map. With this observation, there is a clear choice for a universal P min such that all other enhancements Spec(P → C) of the same underlying map must be pulled back from Spec(P min → C). That is, we may choose P min to be the monoid whose dual cone Hom(P min , R ≥0 ) is the cone of all tropical maps of the given combinatorial type.
In Figure 1 below, taking Z = pt, we depict the duals of the characteristic monoid on the base of a non-minimal family. If one drops the condition that ℓ 1 and ℓ 2 coincide, we obtain the corresponding minimal monoid.
Applying this reasoning at each geometric fiber gives a criterion to check whether any given family of logarithmic maps C → Z over a logarithmic scheme S is minimal. With the minimal objects identified, we construct a moduli stack as a fibered category over Sch, whose fiber over a scheme S is the groupoid of minimal logarithmic maps over S. e 1 e 2 FIGURE 1. Consider the cone of tropical curves whose underlying graph is shown on the right, such that the edge lengths of e 1 and e 2 are equal. This cone is 3-dimensional. An associated family of logarithmic curves whose minimal monoid is dual to this cone associated family of logarithmic curves is non-minimal, due to the relation that these two edge lengths coincide coincide.
2.8. Preliminaries from the prequel: radial alignments. The results of this paper rely on the notion of a radially aligned logarithmic curve and its canonical contraction to a curve with elliptic singularities. These concepts were developed in the prequel to this article [39] , and we briefly recall the statements that we require.
Let S be a logarithmic scheme enhancing the spectrum of an algebraically closed field and let C → S be a logarithmic curve over it with tropicalization ⊏. Given an edge e, we write ℓ(e) ∈ M S for the generalized edge length of this edge. For each vertex v ∈ ⊏, there is a unique path from the circuit of ⊏, namely the smallest subgraph of genus 1, to the chosen vertex v. Call this path e 1 , . . . , e n . Define
The resulting function λ is a piecewise linear function on ⊏ with integer slopes, and thus, a global section of M C . When S is a general logarithmic scheme and π : C → S a curve, this section glues along specialization morphisms to give rise to a well-defined and canonical global section in Γ(S, π ⋆ M S ).
Given a logarithmic curve C → S and a geometric point s ∈ S, we let ⊏ s denote the corresponding tropical curve associated to C s . Recall also that we view a monoid P as being the positive elements in a partially ordered group, with the partial order defined by a ≥ b if a − b ∈ P ⊂ P gp .
Definition 2.8.1. We say that a logarithmic curve C → S is radially aligned if λ(v) and λ(w) are comparable for all geometric points s of S and all vertices v, w ∈ ⊏ s .
We write M rad 1,n for the category fibered in groupoids over logarithmic schemes whose fiber over S is the groupoid of radially aligned logarithmic curves over S having arithmetic genus 1 and n marked points.
The following result is proved in [39, Section 3] . The second major construction in op. cit. is the construction of a contraction to a curve with elliptic singularities, from the data of a radially aligned curve with a chosen "radius of contraction". Let C → S be a radially aligned logarithmic curve of genus 1. We say that a section δ ∈ M S is comparable to the radii of C if for each geometric point s ∈ S, the section δ is comparable to λ(v) for all vertices v ∈ ⊏ s , in the monoid M S . Theorem 2.8.3. Let C → S be a radially aligned logarithmic curve and δ ∈ M S a section comparable to the radii of C. Then, there exists a partial destablilization
and a contraction C → C, where C → S is a family genus 1 curves at worst Gorenstein genus 1 singularities.
An intuitive discussion of these concepts are presented in [39, Section 3.1]. For working knowledge, reader may visualize the section δ as giving rise to a circle of radius δ around the circuit of the tropical curve ⊏. By subdividing the edges of ⊏, one may produce a new tropical curve ⊏ such that every point of ⊏ at radius δ from the circuit is a vertex. This introduces valency 2 vertices into the tropicalization, and induces the partial destabilization. By contracting the interior of the circle of radius δ in a versal family, one produces a curve with a Gorenstein singularity. The destabilization procedure is performed in order to ensure that the singularity is Gorenstein.
LOGARITHMIC MAPS TO TORIC VARIETIES
In the section, the space of radially aligned logarithmic maps to a toric variety is constructed. The framework of radial alignments, together with the well-spacedness condition from tropical geometry, will lead to a proof of Theorem B, which is the main result of this section. Throughout the section Z will denote a proper toric variety with fan Σ.
Recall that a morphism of polyhedral complex P → Q is a continuous map of the underlying topological spaces sending every polyhedron of P to a polyhedron of Q. (1) For each edge e ∈ ⊏, the direction of F (e) is an integral vector. When restricted to e, the map has integral slope w e , taken with respect to this integral direction. This integral slope is referred to as the expansion factor of F along e. The expansion factor and primitive edge direction are together referred to as the contact order of the edge.
(2) The map f is balanced: at all points of ⊏ the sum of the directional derivatives of F in each tangent direction is zero.
The map is stable if it satisfies the following condition: if p ∈ ⊏ has valence 2, then the image of Star(v) is not contained in the relative interior of a single cone of Σ.
Following Section 2.6, given a logarithmic prestable map to a toric variety Proof. Let M rad 1,n be the stack of radially aligned, n-marked, genus 1 logarithmic curves (Section 2.8) and let C be its universal curve. Then W(Z) is the space of logarithmic prestable maps from C to Z, and this is representable by an algebraic stack with a logarithmic structure [50, Corollary 1. A family of ordered logarithmic maps is stable if each geometric fiber is stable.
Minimal monoids.
We give a tropical description of the logarithmic structure of W(Z). We leave it to the reader to verify that this description is correct, either using [50, The minimality condition may be checked on geometric fibers, so we assume that S = Spec(P → C) and S → W(Z) is given. Let σ P be the corresponding dual cone Hom(P, R ≥0 ). By forgetting the alignment, a radial map [f ] above produces a usual logarithmic map with combinatorial type Θ. Letting σ Θ be the associated cone of tropical maps, we have a morphism of cones
In the tropical moduli cone σ Θ above, the locus of tropical curves whose vertices are ordered in the same manner as C forms a cone σ(f ). 
3.3. The factorization property. To detect the curves that smooth to the main component, we will need to identify certain contractions of the source curve constructed from the tropical maps and use the methods developed in [39] .
Let C be a Gorenstein curve of arithmetic genus 1. We will refer to E, the smallest connected subcurve of C of arithmetic genus 1, as the circuit component of C. Given a family C → S, we give the nodes and markings the standard logarithmic structure, and we give C the trivial logarithmic structure near any genus 1 singularities.
Given an aligned logarithmic curve C of genus 1 and a contraction C → C, we may equip C with the logarithmic structure defined above. This enhances C → C to a logarithmic morphism.
Let (C, M C ) → (S, M S ) be a radially aligned logarithmic curve and let Z be a toric variety with cocharacter lattice N . We associate a section δ f ∈ M S to a logarithmic map f : C → Z over S. Let These data will produce a partial destabilization of the source curve and a contraction thereof.
First, subdivide ⊏ such that every edge of ϕ −1 (ϕ(⊏ 0 )) terminates at a vertex; in Figure 2 , this amounts to introducing a vertex where the dotted circle crosses the lower vertical edge. This induces a logarithmic modification
By the constructions of Section 2.8, we obtain a section comparable to the radii of C, and there is now an induced contraction γ : C → C, to a curve with a Gorenstein elliptic singularity. Recall from Section 2.4.2 that a map f : C → Z, where Z is a toric variety with character lattice N ∨ , induces a homomorphism α :
The factorization property depends only on α and not specifically on the morphism of toric varieties C → Z. For example, if Z were a logarithmic modification of another toric variety Z ′ , then the factorization properties for C → Z and C → Z ′ would coincide. We offer a definition of the factorization property that makes this independence explicit.
Definition 3.3.3.
Let N and N ∨ be dual finitely generated, free abelian groups and let C be a logarithmic curve over S. Assume given α : N ∨ → Γ(C, M gp C ) and let α be the induced morphism valued in Γ(C, M gp C ). Let ⊏ s be the tropicalization of C s , for each geometric point s of S. Define δ α ∈ Γ(S, M S ) fiberwise to be the largest λ(v), among v ∈ ⊏, such that α is constant when viewed as a piecewise linear function on ⊏.
Let υ : C → C and τ : C → C be the destabilization and contraction constructed as above. We say that α satisfies the factorization property if υ ⋆ α descends along τ to N ∨ → Γ(C, M gp C ). 
3.4.
The stack of well-spaced logarithmic maps. This section and the next identify the main component of the space of radial maps and prove its unobstructedness.
We begin with some geometric motivation. Let H be a subtorus of the dense torus T of Z. After replacing Z with a toric modification, there is a toric compactification Z H of the quotient torus T /H and a toric morphism Z → Z H , extending the projection T → T /H.
Let f : C → Z be a radial map over S, let H a subtorus of the dense torus T , and assume that Z → Z H exists for some T /H-toric variety Z H . We say that This definition cannot be applied to an arbitrary toric variety Z and an arbitrary subtorus H ⊂ T , since there may not be a toric map from Z to an equivariant compactification of T /H. For example, consider Z = P 2 and let H be any 1-dimensional subtorus. Since there is no non-constant map from P 2 to P 1 , the assumption fails.
There are two ways in which to overcome the issue. The first is to replace Z with a logarithmic modification, which requires replacing C with a logarithmic modification. This logarithmic modification may not be defined over the base S, until we perform a logarithmic modification of S as well [5, Proposition 4.5.2].
It is conceptually simpler to use Definition 3.3.3, which does not require the map Z → Z H , but only the map of tori T → T /H. Indeed, let N ∨ be the character lattice of T and let N ∨ T /H be the character lattice of T /H. Then the factorization property for C → Z → Z H is equivalent to the factorization property for the composition
With this as motivation, we arrive at our definition:
Definition 3.4.1. Let f : C → Z be a map from a radially aligned logarithmic curve to a toric variety Z with dense torus T and character lattice N ∨ . Let H be a subtorus of T and let N ∨ T /H be the character lattice of T /H. We say that f satisfies the factorization property for H if the map
. satisfies the factorization property of Definition 3.3.3.
Geometrically, the condition is that C → N ⊗ G Let W(Z) denote the category fibered in groupoids, over logarithmic schemes, of stable, wellspaced, radially aligned logarithmic stable maps to Z. Proof. For each S-scheme T , let F (T ) be the category of pairs (M, ϕ) where M is a line bundle on Y T and ϕ : f * M → L is an isomorphism. Then F is a subfunctor of that the functor represented
It is immediate that F is homogeneous, and therefore prorepresentable by Schlessinger's criterion. That is, if S is Artinian then F is representable by a closed subscheme. Now suppose that S is the spectrum of a complete, noetherian, local ring, and let S k be the kth infinitesimal neighborhood of the closed point. Then there are closed subschemes
, where X k = X × S S k , for each k. These are necessarily compatible, so an application of Grothendieck's Existence Theorem [23, Théorème III.5.1.4] implies that there is an invertible sheaf M on the colimit, T , of the T k pulling back to L on X. Now consider the case where S is a noetherian local ring with completionŜ. The restriction of F toŜ is representable, as we have seen above, by a closed subschemeT . AsŜ → S is faithfully flat and quasicompact, this implies that F is representable by a closed subscheme T ⊂ S, by faithfully flat descent [22, Théorème 2.1].
Finally consider a general affine S. It is sufficient to demonstrate that F is representable in an affine neighborhood of each point s of S. Let S s be the localization of S at s. By the considerations above, the restriction of F to S s is represented by a closed subscheme T s ⊂ S s . Since F is locally of finite presentation, there is a closed subscheme T , an invertible sheaf M T on Y T , and an isomorphism f * M T ≃ L T such that the localization of T at s is T s . We wish to verify that there is an open neighborhood U of s in S such that T ∩ U represents F on U .
To see this, note that F has a relative obstruction theory over S, given by a complex of finitely generated, locally free sheaves on S. Indeed, the obstruction theory may be constructed as the dual of the cone of Rπ ⋆ O Y → R(π ⋆ f ⋆ )O X , where π : Y → S is the projection. Since T is a scheme, the map T → F therefore has a coherent relative obstruction sheaf. This sheaf vanishes at s and therefore vanishes in an open neighborhood U of s. Proof. We will show that the factorization property is a closed condition. Since stability is an open condition, this shows W(Z) is a locally closed substack of W(Z). It also shows that W(Z) is a closed substack of the space M rad 1,n (Z) of stable logarithmic maps from radially aligned curves to Z; this is a logarithmic modification of M 1,n (Z), the space of stable logarithmic maps to Z, and is therefore proper. It follows that W(Z) is proper.
We must still show that the factorization property is closed. Let T be the dense torus of Z. Since an arbitrary intersection of closed algebraic substacks is a closed algebraic substack, it suffices to consider the factorization property for a single subgroup H ⊂ T .
Let N be the cocharacter lattice of T /H. We wish to show that, if C → Z is a logarithmic stable map, υ : C → C and τ : C → C are the destabilization and contraction constructed in Section 3.3, and (6) α :
is a homomorphism, then there is a maximal, strict, closed, logarithmic subscheme T ⊂ S over such that α factors through
We note first that, by construction of the radius δ in Section 3.3, the composition
Indeed, when α is viewed as a piecewise linear function on the tropicalization of C, it is constant on the components that are contracted by τ : C → C.
Therefore the problem of descending α to C reduces to one of descending the invertible sheaf O C (−α) and the homomorphism O C (−α) → O C . By Lemma 3.4.3, there is maximal closed subscheme T ⊂ S to over which O C (−α) descends to C. In that case,
and The proof will require a few lemmas.
Lemma 3.5.2. Let E be a Gorenstein curve of genus 1. Let E • be the smooth locus of E. The map
Proof. Consider a square-zero extension of schemes S ⊂ S ′ and a map x :
and let L ′ be an extension of L to E S ′ . We wish to show that, at least locally in S, there is a map
. Since E is Gorenstein, H 0 (E s , ω E (−x(s))) = 0 for all s ∈ S. By duality, H 1 (E s , O E (x(s))) = 0 for all s ∈ S, so R 1 π * O E S (x) = 0, with π : E S → S denoting the projection. Therefore π ⋆ L is line bundle on S and π ⋆ L ′ is a line bundle on S ′ .
By definition, π * L comes with a trivialization σ, corresponding to the tautological section of O E S (x). Localizing in S, we can assume π * L ′ is a trivial line bundle and choose a section σ ′ extending σ. As σ : O E S → L is injective, so is the deformation σ ′ : O E S ′ → L ′ . This implies that the cokernel of σ ′ is flat over S ′ , so that the vanishing locus of σ ′ , viewed as a section of L ′ , is a flat deformation of the section x of E S over S. Calling this deformation x ′ , we get the desired isomorphism Proof. Note that M rad 1,n is logarithmicallyétale over M 1,n , so logarithmic smoothness over one is equivalent to logarithmic smoothness over the other. We consider a logarithmic lifting problem (7), in which S ′ is a strict, square-zero extension of S:
The maps to M rad 1,n give families C ← C → C and C ′ ← C ′ → C ′ over S and S ′ , respectively. The lifting problem (7) is equivalent finding a deformation C ′ of C and then lifting (8):
We indicate how H 1 (C, O C ) functions as an obstruction group to the second part of this problem.
By definition, the lifting problem (8) is equivalent to extending a section α ∈ Γ(C, M gp C ) to a section of M gp C ′ . Recall that α gives a line bundle, O C (α), and trivialization, s α , thereof. Let α be the image of α in Γ(C, M gp C ) and let α ′ denote the unique extension of α to M gp C ′ . Our task is to extend s α to a section of O C ′ (α ′ ). This extension will necessarily be a trivialization, if it exists, so the obstruction to the existence of and extension is the isomorphism class of the deformation O C ′ (α ′ ), which lies in H 1 (C, O C ). This obstruction may well be nonzero, but we are still free to choose C ′ . The choice of C ′ is a torsor under the deformation group Def(C) = H 1 (C, T C/S ). This gives a homomorphism
that we wish to show is surjective. Once this is done, we can modify C ′ to eliminate the obstruction.
By the construction of the radius δ used to build C → C and C → C in Section 3.3, there is, in each geometric fiber over S, at least one vertex v of the dual graph⊏ of C of radius δ. Furthermore, there is at least one edge of the⊏ incident to v that exits the circle of radius δ. The restriction of the line bundle O C (α) to the circuit component, D, of C is O D ( a i x i ) , where the a i are the outgoing slopes of α along the edges corresponding to the nodes x i attaching D to the rest of C. By the definition of δ, at least one of the a i is nonzero.
By by Lemma 3.5.2, a perturbation of a line bundle on D arises from an infinitesimal motion of x i . This proves that there is some deformation of the logarithmic curve C such that O C ′ (α) is the obstruction class H 1 (C, O C ). Lemma 3.5.4. Suppose that f : C → Z is a radial S-morphism with the factorization property and let f ′ : C ′ → Z be a strict, infinitesimal extension of f over S ⊂ S ′ . Then f ′ also satisfies the factorization property.
Proof. Let N be the cocharacter lattice of Z, let N → P be a quotient, and let δ ∈ Γ(S, M S ) be the radius constructed in Section 3.3, and let C → C and C → C be the associated destabilization and contraction. By definition of the factorization property, the map
factors through C. Since M S = M S ′ under the identification between theétale sites of S and S ′ , we also view δ as a section of M S ′ . It induces a destabilization C ′ → C ′ and a contraction τ : C ′ → C ′ extending those over S.
We wish to show that the map C ′ → P ⊗ G log m factors through C ′ . This amounts to showing that the homomorphism
It is sufficient to work element by element in P ∨ . Let α ′ be an element of Γ(C ′ , M 
Proof of Theorem 3.5.1. We now handle the case of general toric targets. Consider the deformationobstruction sequence:
We wish to show that the map Def(C) → Obs(f ) is surjective. Indeed, this will show that if f : C → Z is a radial map over S with the factorization property and S ′ is an infinitesimal extension of S then there is a deformation f ′ : C ′ → Z of f over S ′ . This map will automatically have the factorization property, by Lemma 3.5.4.
The logarithmic tangent bundle of Z is naturally identified with O Z ⊗ N , where N is the cocharacter lattice, so
We therefore want to show that the map
by choosing coordinates, one sees that it is equivalent to show, for every character χ ∈ N ∨ , that the composition
is surjective. Fix such a character χ. This gives a map
The morphism (10) is precisely the map from deformations of C to obstructions to deforming the map (11) while fixing a deformation of C. By definition, the map C → G log m satisfies the factorization property, so Lemma 3.5.3 implies that its obstruction bundle -the cokernel of (10) -is zero. The theorem follows.
For future use, we record a consequence of the observations made in the proof. Proof. From the arguments above, we see that that if [C → Z] satisfies the factorization property for all subtori of codimension 1, then it is unobstructed. Since the factorization property is a closed condition, the result follows from properness of the moduli space W(Z).
REALIZABILITY FOR GENUS ONE TROPICAL CURVES
In this section, we use the geometry of the moduli spaces W(Z) constructed in Section 3 to resolve the tropical realizability problem in genus 1. As a consequence of the smoothness and properness of W(Z), tropical realizability reduces to a pointwise calculation: we examine the unique non-topological condition characterizing the descent of a function from the normalization of a genus 1 singularity, and interpret it tropically as the realizability condition. (2) For each vertex v ∈ G, the cone σ v ∈ Σ containing the image of v. (3) For each edge e, the slope w e and the primitive vector u e of f .
For tropical maps, the discrete data can be captured by the "least generic" map, defined below. Given a type Θ, there is a polyhedral cone σ Θ , whose relative interior parameterizes tropical stable maps with a fixed combinatorial type. This cone serves as a deformation space for maps of type Θ. In [37, Section 2.2], a generalized cone complex T Γ (Σ) is constructed, by taking a colimit of the cones above over a natural gluing operation. This serves as a coarse moduli space for maps of fixed recession type. 
Traditional tropicalization & realizability.
The tropicalization procedure discussed in the early parts of the paper uses the logarithmic structure, and differs from the one involving nonarchimedean geometry. Accounting for the difference is the tropical realizability problem, and is the focus of this final section.
Let K be a non-archimedean field extending C, where the latter is equipped with the trivial valuation. Let Y be a K-scheme or stack, locally of finite type. The Berkovich analytification Y an is a locally compact, Hausdorff topological space whose points are naturally identified with equivalence classes of triples (L, y), where L is a valued field extension of K and y is an L-valued point of Y . The equivalence is the one generated by identifying two such triples (L, y) ∼ (L ′ , y ′ ) whenever there is an embedding of valued extensions L ֒→ L ′ sending y to y ′ . See [10, 48, 52] for Berkovich spaces and stacks and [4] for an introduction to analytic spaces in the context of logarithmic geometry. Let C → G n m be a map to a torus from a smooth curve of genus g. There is a natural factorization of topological spaces
The left vertical map is a deformation retraction onto a skeleton; see [9] for details. There are at least two natural ways to extract the tropical curve
4.2.1. Abstract stable reduction. After choosing coordinates on the target, the map [ϕ : C → G n m ] is given by n invertible functions on C. Let C be the smooth projective model for C, and q 1 , . . . , q n the points at which these invertible functions acquire zeros or poles. If the map ϕ is nonconstant, the pair ( C, q 1 , . . . , q n ) has negative Euler characteristic and thus admits a minimal model C → Spec(R) over the valuation ring of K. Take the underlying graph of ⊏ to be the dual graph of the special fiber of C . Given an edge e of ⊏, the corresponding node q e of C has a local equation
Set the length ℓ(e) equal to the valuation of the parameter ω.
Universal property of minimality.
Let C ⊃ C be the projective model of C with boundary ∂ C = {q 1 , . . . , q n } and choose a toric compactification Z of G n m such that the morphism ( C, ∂ C) → (Z, ∂Z).
is a logarithmic map. Letting L (Z) be the space of logarithmic stable maps to Z, this gives rise to a moduli map Spec(K) → L (Z), which, after a base change, extends to a map
from the valuation ring. Let k denote the residue field and Γ the value group. Consider the logarithmic map
from the closed point, endowed with the (not necessarily coherent) logarithmic structure from the value group. By the universal property of minimality, this induces a factorization
where P min is the stalk of the minimal monoid of L (Z) at the image of the closed point. We obtain a point of the dual cone Hom(P min , Γ), which, as was previously discussed, is identified with a point in the cone of tropical maps of a fixed combinatorial type. See [37, Section 2] for details.
Expected dimension & superabundance. Every tropical stable map [f ] of combinatorial type
Θ has a deformation space, i.e., the moduli cone σ Θ . Superabundance is the phenomenon wherein this deformation space is larger than expected.
The overvalence of a type Θ with underlying graph G is defined as
The overvalence allows us to determine an expected topological dimension of the tropical deformation space as:
where b 1 (⊏) is the first Betti number of G. The actual dimension of σ Θ cannot be less than the expected dimension, but may exceed it. For further details, see [31, 34, 37] . In genus 1, superabundance can be stated in a simplified form. In the following proposition, and the rest of the section, it will sometimes be convenient to forget the precise fan structure of Σ and consider the map of metric spaces ⊏ → N R . 
Proof. The first formulation is well known [28, 37, 42] . For the second, choose a hyperplane containing the circuit and quotient by it. Such a tropical map is said to be realizable. Superabundance is intimately related to realizability, as the following result shows. For proofs, see [17, 42, 37] . , let t 1 , . . . , t k be the flags whose base is mapped to F (⊏ 0 ) but along which F has nonzero slope. Then, the minimum of the distances {d(t i , ⊏ 0 )} k i=1 occurs at least three times.
Well-spacedness when the target is a general fan is formulated by considering projections to R. Warning 4.4.5. The condition we call well-spacedness is strictly weaker condition than the one given originally by Speyer. In particular, the definition allows that the set of flags with nonzero Fslope {t i } can all be based at the same vertex. In Speyer's definition, there must be distinct vertices achieving this minimum. It has already been shown that Speyer's condition is not a necessary condition in the nontrivalent case [37, Theorem C]. The two definitions coincide when working with trivalent tropical curves whose vertex function is identically zero. To see this, observe that by the balancing condition, if a vertex supports one flag of nonzero F -slope. Thus, if two distinct vertices support flags with nonzero F -slope, then there are at least 4 such flags. We will refer to this stronger condition as Speyer's condition; see Figure 5 . We abuse notation by understanding that the map to Σ is part of the notation Γ. The well-spacedness condition commutes with automorphisms of tropical curves, and thus descends to a well-defined subset W Γ (Σ) of well-spaced tropical stable maps. We specify a subdivision of T Γ (Σ) such that W Γ (Σ) becomes an equidimensional subcomplex of the expected dimension. (1) Let G and G ′ be the underlying graphs of Θ and Θ ′ respectively. Then, G ′ is obtained from G by a (possibly trivial) sequence of edge contractions α :
Let W Γ (Σ) be the subcomplex of W Γ (Σ) parameterizing well-spaced radial tropical maps. Proof. The well-spacedness condition can be described in terms of the equality of the vertices at minimum distance from the circuit, and thus form a cone of the generalized cone complex. The result follows immediately from this observation. 4.6. Proof of Theorem 4.4.7. We know from Section 3.5 that the moduli space of well-spaced logarithmic stable maps W Γ (Z) is proper and smooth. By definition, it is the locus of stable maps in W Γ (Z) that satisfy the factorization property for every subtorus of the dense torus of Z. Our task is to show that the logarithmic well-spacedness condition is equivalent to the tropical wellspacedness condition. By Proposition 3.5.5, it suffices to check the equivalence for every subtorus H in Z of codimension 1. Replacing Z with a modification and passing to the quotient, our obliga- , since it is constant on the components collapsed by τ . Adding a constant to α does not change whether it is well-spaced, so we assume that α takes the value 0 on the circuit component of C.
We must show that α lifts to a section α of M Let E denote the circuit component of C and E • its interior, excluding the nodes where E is joined to the rest of C (in other words, the locus where its logarithmic structure is pulled back from the base). Since α(E) = 0, the lift α E • , if it exists, will be in O ⋆ E • ⊂ M E • . Regarded as a rational function on E, this lift must have zeroes and poles along the points of attachment between E and the rest of C as specified by the outgoing slopes of α along the corresponding edges (see Section 2.6). Once α E • has been found, there is no obstruction to extending it to all of C, since the rest of the curve is a forest of rational curves. The following lemma determines whether α E • can be found, and completes the proof of the theorem. Lemma 4.6.1. Let E be a Gorenstein, genus 1 curve with no nodes and m branches, let a 1 , . . . , a n be nonzero integers, and let P be a partition of 1, . . . , n into m parts. Assume that, for each p ∈ P , we have i∈p a i = 0. If n ≥ 3 then there is a configuration of points x 1 , . . . , x n on E, with each point lying in the component corresponding to its part of the partition, such that O E ( a i x i ) is trivial. If n ≤ 2 then there is no such configuration.
Proof. The cases n < 2 are trivial and we ignore them. Let ν : F → E be the seminormalization and let ω E be the dualizing sheaf. For any configuration of the x i , subject to the degree constraint in the statement, there is a rational function f on F with divisor a i x i , and f is unique up to scaling. We wish to determine whether f descends to E.
Let y ∈ F be the preimage of the singular point of E and let φ be a nonzero global differential on E. Let F j be the components of F and let ν j : F j → E be the restrictions of ν and let f j be the restriction of f to F j . Let t j be a local parameter for F j at y and let b j be the linear term of the expansion of f j in terms of t j . It was shown in Section 2.1 that there are nonzero constants c j such that f descends to E if and only if i . By adjusting the positions of the x i , we can arrange for b j to have any nonzero value we like (although it is not possible to achieve 0 when there are only two x i on F j ). Therefore, if there are at least two branches of E containing some of the x j then we can find the desired function.
All that is left is to consider the case where all of the x i lie on a single branch, say F 1 . Equation 12 reduces to b 1 = 0, which means that we need to find a configuration of the x i on F 1 such that f 1 is ramified at y 1 . The only way such a configuration can fail to exist is if all ramification of f j occurs at the x j . In that case, Riemann-Hurwitz says −2d + n j=1 |a j | − 1 = −2.
But 2d = |a j |, so we deduce this occurs if and only if n = 2. Proof. With the identification of the tropical maps that arise as tropicalizations of one-parameter families, the proof of the result is a cosmetic variation on similar results in the literature [14, 36, 37] . By Theorem 4.4.7, the tropicalization of any family of logarithmic stable maps over a valuation ring is well-spaced. Once this is established, the continuity, functoriality, and finiteness of trop S follow from [37, Theorem 2.6.2] and the uniqueness of minimal morphisms of logarithmic schemes up to saturation [51] . The saturation index of a combinatorial type (Θ, ) is equal to the cardinality of the fibers of trop S , as explained in [36, 37] . Since W Γ (Z) is a toroidal compactification, the existence of a section from the skeleton follows from results of Thuillier [1, 44] . Compatbility with forgetful and evaluation morphisms follows from [47, Theorem 1.1].
